The interactions between charge and orbitally ordered d-electrons are important in many transition metal oxides. We propose an effective energy model for such interactions, parameterized with DFT+U calculations, so that energy contributions of both electronic and lattice origin can be simultaneously accounted for. The model is applied to the low-temperature phase of magnetite, for which we propose a new ground state structure. The effective interactions on the B-lattice of Fe 3 O 4 can be interpreted in terms of electrostatics and short-range Kugel-Khomskii exchange coupling. The frustration between optimal charge and orbital orderings leads to a complex energy landscape whereby the supercell for the charge ordering, orbital ordering and ionic displacements can all be different.
First-principles calculations based on the density functional theory (DFT) provide a natural way to incorporate both electronic and ionic degrees of freedom in "real-world" materials. Since such methods provide direct information only about the energy of the system as a whole, the microscopic relationship between the involved degrees of freedom has to be extracted indirectly.
Recently, we showed how the effective interactions of localized d-electrons (minority spin In this paper we explore an approach to derive orbital physics from DFT total energies.
A model is introduced for first-principles determination of the effective interactions of charge and orbital ordered (COO) electrons, and applied to Fe 3 O 4 . The model includes electrostatics, lattice distortion etc in a consistent manner. Consider a general energy expression:
where i represents the electronic state (hole and/or orbital) on site i and is the system's configuration of states. Summation over repeating indices are implied. The point term E i describes the electron chemical potential and splitting of the orbitals. Besides the pair interaction matrices E ij , one includes in general higher order contributions, e.g. E ijk . In practice this model may be too general to use. Preempting the finding that quantum effects that distinguish the different orbitals vanish at long distance, it is more convenient to separate orbital-independent interactions E c from orbital-dependent E o , attributed to the charge and the orbital degrees of freedom, respectively. The former can be described by a binary (electron/hole) cluster expansion model 5, 6 , which captures both short and long-range effects 5 . Therefore we rewrite eq. 1 as 1c ). The symmetry and three-fold t 2g degeneracy reduces the number of independent V 's.
We show in fig. 1c symmetrically Only three matrix elements in fig. 1c are linearly independent within eq. 2. We choose to keep V (4), V (5) and V (7) and take V (6) as reference. The orbital-independent J is then unambiguously defined as between the reference orbital states, and V is the adjustment to J when the electronic states are not the reference. For example, the total interaction between NN xy electrons on the ab-plane is J NN + V NN (4).
C. Computational details
To parameterize the simplified eq. 2 we have performed Generalized Gradient Approximation (GGA) + Hubbard U (GGA+U) 7 calculations at U eff ≡ U − J = 4 eV (unless otherwise stated). All calculations were carried out using the VASP package 34, 35 with projector augmented wave (PAW) potentials 36 , energy cutoff of 450 eV, and without any symmetry constraint on ionic and lattice relaxation. Each calculation was initialized in a specific configuration of charge and orbital order and self-consistently converged. We use supercells of Despite earlier reports of considerable orbital moment at the B-site Fe 2+ ions 37 , more recent measurements have found a relatively small orbital/spin moment ratio 38, 39 . In this work we ignore spin-orbit coupling and assume completely suppressed orbital moment.
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The parameters in eq. 2 were determined with a iterative procedure commonly used in parametrization of cluster expansion: 1) fit GGA+U energy to eq. 2, 2) search with the obtained parameters for low-energy configurations, and 3) calculate new structures, if any, with GGA+U and go to step 1). This procedure was repeated until the parameters converged and no new ground state emerged. In the end, we calculated 365 distinct COO arrangements.
III. RESULTS AND DISCUSSIONS
In agreement with refs. siderably with distance and fall below 1 meV at > ∼ 10Å. A similar trend was observed in Li x FePO 4 5 . To facilitate discussions we define the optimal orbital energy E ˜ minimized over OO's compatible with ˜ .
The optimal orbital pattern is then defined as the one minimizing eq. fig. 4) we find has the periodicity of
× 1 (though the periodicity of the structure is larger; see later discussions). As shown in fig. 4 , the structure has equal number of Fe 2+ /Fe 3+ on each ab plane and uniform xz or yz electrons on alternate planes, i.e. no charge but orbital modulation along c. We list the GGA+U energy of four structures, including our ground state, in table II. For the first two structures, the OO was optimized in supercells I-IV to study their periodicity. First, consider the original Verwey CO model with alternate ab planes of electrons and holes, i.e. charge modulation along c. A large enough supercell is needed to find the optimal OO of the Verwey CO model. In supercell I, all electrons occupy the xy state , while in larger cells II-IV, they equally occupy xy and xz to lower the energy by 9∼11 meV (the variation is due to small convergence error in different supercells). Our ground state structure ( fig. 4) (table II) . Thirdly, the frustrated, competing interactions make the ground state search sensitive to the interaction parameters. It is possible that our search failed to find a ground state in a larger supercell because of the numerical sensitivity. Other possibilities for the incomplete agreement with experimental supercell might be the missing physics not described by our calculations. This includes spin fluctuations beyond the assumption of a fixed magnetic configuration, and may also include fluctuations between complex structures of close energies. Lastly, our results illustrate some possible mechanisms that can break the cubic symmetry and form the low-T GS structure: (1) charge order as Verwey originally proposed, (2) charge and orbital order as exemplified in the Verwey CO model whose COO supercell is larger than the CO supercell, and (3) lattice coupling of Fe 2+ ions as seen in our structure ( fig. 4) , the periodicity of which, decided by the arrangement of Jahn-Teller distortions, is larger than that of the COO.
To evaluate the impact of the Hubbard term U eff in our first-principles approach, we have calculated 300 structures with a smaller U eff = 3.5 eV. The pair ECIs for U eff = 3.5 eV are shown as the dashed line in fig. 3 . They are slightly reduced compared to U eff = 4 eV, mainly because the largely electrostatic ECIs scale as (∆q) 2 where ∆q is the charge difference between the 2+/3+ ions. With smaller U eff the d-electrons become more delocalized and ∆q generally decreases 42, 43 . As shown in table I the orbital interactions V are relatively stable yet some are notably larger at U eff = 3.5 eV. Presumably the reason is that the exchange integral, sensitive to the spatial distribution of the wavefunctions, increases with delocalization. It is also possible that the mathematical separation in eq. 2 of charge and orbital terms is not physically complete, and there is some compensation in J and V with varying U eff . The smaller Hubbard parameter does not considerably change the results in table II and related discussions.
IV. CONCLUSIONS
In this work we have attempted to describe the charge and orbital degrees of freedom in 
